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ABSTRACT: Arrays of CHEMFET sensors can potentially increase measurement accuracy and range of operation as com-
pared to usage of stand-alone sensors. To benefit the synergistic effect of the sensor array one needs accurate models and
appropriate data processing techniques. This paper presents a mathematical formulation of one-sensor and multiple-sensor
CHEMFET-based measurement problems and discusses its numerical properties. The main contribution is estimation of

accuracy limits, for both one- as well as for mulitple-sensor measurements, using two repres€rBMWEET sen-
sor models — the well-known semi-empirical Nikolsky-EisenmaxiB)(model, and a recently developed physics-based

Reduced-Super-NikolskyREN) model.
INTRODUCTION

CHEMFET sensors are important devices in the area of
on-line monitoring of ions in water solutions [12]. Their
typical responses to variable activity of main ions, for
constant activities of interfering ions, are shown in fig. 1.
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Fig. 1. Typical voltage responsé&;s of cation and anion sen-
sitive CHEMFET sensors for constant activities of interfering
ions and variable activity of the main ian

Useful operation range of cation (anion) selective sensor
is limited on the side of high ionic activities,, of the
main ion (i.e. the ion the sensor is designed to be most
sensitive to) by influence of counter-ions, i.e. ions with
opposite sign of charge. Practically more important is
saturation of the response for low activities of the main
ion, caused by interfering ions of the same sign of charge.
Sensor selectivity is a measure of the relative strength of
influence upon response of a given ion w.r.t. the main ion.
For an ideal sensor the sensitivity coefficient is 0 for all
interfering ions, and so knowing sensor output it is pos-
sible to directly find the main ion activity — just using
the inverse response curve for the given calibrated sensor.
For non-ideal, i.e. real life, sensors the mapping between
sensor output and the main ion activity is not unique, be-
cause it depends on unknown (since uncontrolled and un-
measured) activities of other ions in the solution under
test. Finite selectivity thus causes measurement error.
Reduction of this error is possible when all major ions

are measured by separate sensors (and selectivities of all
sensors to all ions are available from sensor calibration)
— e.g. using the data fusion techniques [6, 1].

Benefits of such accuracy boosting techniques are avail-
able only when sufficiently accurate models of the actual
sensor devices are available, and sensor does not change
its properties in time. This paper discusses formulation
and properties of the one-sensor and multi-sensor mea-
surement problem for two representattddEMFET sen-

sor models. However, it is not the author’s intent to eval-
uate accuracy of any sensor model, i.e. to compare model
predictions with measurements, but only to present con-
sequences of the selection for the numerical data process-
ing of raw sensor responses.

MEASUREMENT PROBLEM

CHEMFET-based measurement requires availability of a
generic relationship between activity of a ion of in-
terest in the electrolyte under test and the sensor output
signal (here: the output voltage, denoted Withs). The
relationshipng — Ugg is in fact parametrised with oper-
ating point, temperature and technological details of sen-
sor design and manufacturing. To use a particular sensor
device for measurement at a fixed temperature and oper-
ating point — calibration is needed, to resolve ambiguity
of theay — Ugrs mapping, that is related to sensor de-
sigh and manufacturing. After calibration the mapping
should be 1:1 and easy invertible, so that havifgs it

is possible to determine (uniquely, accurately and fast)
the unknown ion activity:. In real life CHEMFET sen-
sors are not ideally specific, as their output signal de-
pends on more than one ion, and neglecting their inter-
ference can cause inaccuracy of the measurement. This
section discusses specifics@iEMFET-based sensing:
modelling, calibration and estimation of ionic activities
from CHEMFET output signals using one-sensor mea-
surements and sensor array measurements with data fu-



sion (DF) type of raw measurement processing.

Data fusionterm is used here as a generic name for data
processing procedures that combine information from sev-
eral sensors of limited selectivity so as to improve on re-
sulting measurement accuracy.

Modelling For Data Fusion

In this paper modelling oCHEMFET sensor assumes
separability of CHEMFET model — as shown in fig. 2.
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Fig. 2. A separabl€HEMFET model

The electro-chemical transducer — formed with the refer-
ence electrode (R), the electrolyte, the ion-selective mem-
brane and FET gate insulator is represented with a volt-
age source, dependent on ionic activities and temperature.
The other component is a gateless (usually depleted type)
MOS transistor structure, which has its channel conduc-
tivity modulated with changes of ionic charge in the ion-
selective membrane. Properties of the internal transistor
structure is important when considering rational selection
of the operating point, i.e. values of the drain currént

and the drain to source voltadé,s (see [7, 8]). How-
ever, in standard measurement mode the operating point
of the FET structure is kept constant. In effect FET prop-
erties are of secondary importance for GEMFET op-
eration and so will not be discussed in details here. That
way modelling effort is concentrated at the transducing
part of CHEMFET sensor. Two types of models are con-
sidered: the well-established Nikolsky-Eisenmann model
(NE, [2]), and a relatively new model called here the
Reduced-Super-Nikolsky modé&t§N, [4, 5]). They both
neglect influence of counter-ions, which is acceptable for
good quality sensors and water monitoring and simplifies
sensor characterisation and calibration.

Nikolsky-Eisenmann (NE) model. Letus assume acon-
stant operating point/(;, Upg) and electrolyte withn
ions, activitesug, . .., a,,—1 and valenciesy, . .., z;,—1

(of the same sign). The output sensor voltagg can be
expressed as:

m—1
V; s
URs=Uo—NZ—T1n a+ Y Kjo-a¥ | ()
0 -
Jj=1

K; o are selectivity coefficients of thgth ion w.r.t. the
main one (index 0)Vr = kT /q, N is a nonideality co-
efficient andU, — the offset voltage. The model allows
for explicit calculation (prediction) c€EHEMFET output
voltageUrgs for a given ionic content. Calculation of the

main ion activityag, given sensor output voltagéz s and
activities of the interfering ions,, ..., a,,_1 is explicit

as well, as:
m—1
ag = ep °— Z Kjo- ajo/zj, 2
j=1
Urs — Uy
where = _
€B exp ( NVT

Fig. 3 depicts response curves calculated from Nike
model for two cases: &y = 21 = 1,b) 2o = 1, 21 = 2.
Saturation of the sensor curve is more profound in the
second case, where the interferent has larger valency than
the main ion.
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Fig. 3. Dependence fE modelled sensor response curve on
interfering ion activity forK; o = 0.001 and: @)z = z1 = 1,
b)Zo = 1,21 = 2.

Reduced-Super-Nikolsky RSN) model. TheRSN mo-
del [4, 5]implicitly relates the/gs voltage to the ionic
activities:

m—1
1 = ao'é?+Z[~(j7o'aj'ég, (3)
j=1
Urs — U
whereég = exp ZRS — 20
NVp

Tilde over symbols differentiates parameter&6N from
parameters of th&lE model. For fixed temperature the
two models require the same numberrof+ 1 coeffi-
cients (to be determined in the course of a sensor calibra-
tion process).

Calculation of the main ion activity,, given the sensor
output voltagel/rs and activities of the interfering ions



am—1 is explicitas well:
m—1
j=1

One can see, that (2) and (4) have identical forme:foe
z1 = -+ = z;,m_1, but they differ for different valencies
in the way they represent contribution of interfering ions.

A1y eny

ag = éézo 3,0 ° aj . ézé (4)
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Fig. 4. Dependence dRSN modelled sensor response curve
on interfering ion activity forK; o = 0.001 and: a)z, = 1,
Z1 :2, b)Zo :2,21 =1.

Fig. 4 depicts response curves calculated fromRB&
model for two cases: &y = 1,21 = 2,b) 20 = 2,21 =

1. Saturation of the sensor curve is more profound in the
first case, where the interferent has larger valency than
the main ion (similarly as predicted by th&E model).

Model Calibration

Let us now assume that we haveneasurement§ (") of
sensor voltagel{rs), corresponding taV sets of ionic

activitiesa® = [a?.a”, ... al? i = 1,...,N.

» 'm—1

Let us also denote responses of a corresponding sensor

model with: 3 )

U (p) = f(a'”, p) (5)
wherep stands for a vector of model parameters to be de-
termined via calibration procedure, e.g. for tiie model
p = [Uo,N,K10,...,Kmn_10]. There are two compo-
nents of any calibration:

e selection of a calibration plan, i.e. the number of
calibration experiments, and values of activities
a'” for each experiment

o fitting model to measurements by adjustment of pa-
rametersp.

Let us denote witlgj anda,; the minimum and maximum
activities of interest for thg-th ion. The following mini-
mal experiment plan wittv = m + 1 can be used:

1. Measurd/™) for a' = [ay....,qa,, 4]

y ZEm—1
m + 1 measure/ %) for a(¥) =
lag - -
Letus denote with;, 7 = 1, ..., N the following relative-

absolute error measure of a difference between model
U and respective measuremé&mt) values:

2. Fork = 2,...,
7Qk—3aak—23Qk—17"'

U@ (p) —U®

——— for someey >0
max(U)), e07) v

ri(p) = (6)
Then fitting model to measurements can be formulated as

a minimisation of a norm of (p) w.r.t. p vector, e.g.:

E:
np £2(P)

7
whereP is a feasibility set for parameter vectpr e.g.

p; < p; being lower and upper bounds of parameter val-
ues).

Let us now notice the important difference between the
two CHEMFET models considered here. In tN& model

the response voltage is @&xplicit function of ion activ-
ities (1), i.e. the error functions;(p) are explicit func-
tions as well. For th&SN model the same relationship is
generallyimplicit. Fortunately, th&(RSN model equation
(3) can be converted to a polynomial equation of degree
d = max(|20], |z1—z0], . - ., |2m—1—20|) W.I.t. €5. Most
practical cases of interest satisfy conditiéon< 4, and
then roots of the equation haegplicit formulae, yet dif-
ferent for differentd 1. In general theRSN model has to
be solved iteratively, to determine for given activities the
corresponding value of model output voltage (5). Since
iterative calculations reduce accuracy — one might con-
sider the least squares solution of thBSN equations (3)
instead of fitting the implicitly defined sensor response
curve (5). This means replacementigfp) in (7) with

the following expression:

Yet another possibility is fitting inverse response curves
ao(Ugs, a1, ... ,am—1) expressed with (2), (4). For the
RSN model this leads to:

=20 ()

ri(p) = éxay ey -1

Ut >—UO

T

m—1
ri(p) = rio+20 (1Y Kjo-05-63) (9)
7=1

linherent to modelling sensor response for different valencies of
ions is a problem of multiplicity of solution candidates due to nonlinear-
ity of modelling equations for botNE (powers of activities) an&SN
models (powers ot ). Fortunately, proper solutions can be found by
applying physics-based root selection rules.



wherer; o = In(al). For theNE model one would have:

m—1

) 20/%5 2o
Kjo- a; ey)

-1,
T =7 zo——In(1 —
(p) 0+ 20 Ve ( <
(10)
For minimum cardinalityV of the experiment plan (when
N is equal to the number of model parameters m+1)
all three formulations are equivalent — assuming exact
calculations. Otherwise, numerical results differ and se-
lection of the best fitting criterion arises. It has been nu-
merically verified, that accuracy of the calibration is de-
termined mainly by ability of a model to represent real
CHEMFET response, and little by selection of fitting cri-
teria or optimisation accuracy.

Single Versus Multiple Sensor Measurements

After calibration the following relationship between
ionic activitiesa and thei-th sensor model output volt-
ageﬁg; is available (for fixed environmental parameters,
such as temperature):

U4y = fi(a) = fi(a, ™)

for n = m + 1 element wektop(® of NE/RSN model
parameters. Since (11) definedo 1 mapping — it cannot
be inverted w.r.t. some componentaffor examplea;.

To be able to measure with a single sensor bas to
know or assumealues of other ion activities. In case
of zero knowledge of ionic content — zero values of un-
knowna;, j # i are typically used.

In the basicDF approach there are simultaneous mea-
surementﬁ]}{;, i =1,...,m made withm different cal-
ibrated sensors. Algebraically, there ateequations (11)
with m unknownsay, . . ., a,,,_1; in vector notation:

11)

ﬁRS = f(a)

The set of equations implicitely defines inverse mapping
U rs — a unambigiously (if then equations are inde-
pendent). Mathematically such a calculation belongs to a
class of inverse problems, tige basic modelling problem

is a calculation of the output sensor voltages — given the
ion activities and model paramer values (11).

For theNE model the basic modelling problem is non-
linear (w.r.t activities), and so non-linear is the inverse
problem. Rearranging (2) and addingndex to denote
the i-th sensor the inverse problem can be written as a
set of equations that areon-linearw.r.t. unknown ion
activitiesag ;, . .

12)

) a7n71,i:

m—1
z0,i/%j,i _
aO,i+E Kjoqa;;" ™" = e, (13)
j=1

whereep ; = exp(zo)i%).

Each activity in equations (13) is a component of the vec-
tor a that contains activities of all measured ions, i.e.:
eacha;; € {a1,...,a,}, with a;, denoting the:-th el-
ement ofa.

For theRSN model the inverse problem can be written
as a set ofinear equations w.r.t. unknown ion activities

QAQ,is-- > Om—1,4-

~Zj i

m—1
ég)a(),i + Z Kj70,i . ajﬂ; . eB =1 (14)
7j=1

- Uy, —U
WhereeBJ = eXp(ZQ7170’;\~[l V:S’l )

For solvability of each data fusion equation set (i.e. (13),
(14)) there are at least independent equations needed.

Since for performing calibration the number of sensor is
at least equal to the number of parameters- m, so

the data fusion set of equations (12)ogerdetermined

In such a case the solution can be found from the con-
strained least squares problem of the following form:

1 n )
. 1 4 1
min 5 ;gz (a) (15)
gila) = Ugs— fila) (16)
A {alag; <a;<a;,i=1,...,n} (17)
Values ofg,;, a; can be selected as realistic lower/upper

bounds on measuread ion concentration. They form safe-
guards against inaccuracy of calculations.

For theRSN model calculation of the error functiog

in the form (16) requires solution of a non-linear (w.r.t.
unknownUprs) model equation (3). To ease implemen-
tation of DF algorithms for that model anotheexplicit)

form of the error function is proposed:

m—1
gi(a) = €™a; + Y Kjoq-aj:- €57 —1 (18)

j=1

PROPERTIES OF THE PROBLEM

Ideally DF requires at least one sensor that is most sensi-
tive to one of the ions in the electrolyte under test. Such a
requirement is hard to satisfy — especially for field mea-
surements. Thatis why it is interesting to estimate conse-
guencies of not taking into account measurement of some
ions.

The limit case is just the one-sensor measurement without
any knowledge of interfering ions. Let us then estimate
inaccuracy of the one-sensor measurement technique in
the simplest case, when two ions are to be measured. The
relative difference between activiyy determined from
one-sensor measurement, using Nt model, and the
activity calculated usindF principles (assuming addi-
tional measurement of the activity of the only interfer-

ent, and also knowledge of accurate value of the selectiv-
ity coefficientK = K o) is equal to:

z0/z1
K -aj
ao

(5[&0] = aOa_ a0 ~
0

(19)

Fig. 5 visualises thé&lE model predicted dependence of
one-sensor measurement inaccuracy on the main ion ac-
tivity ao for one level of interferent activity; =0.1mol /1

and three leveles of sensor selectivity It is seen, that
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Fig. 5. NE model predicted inaccuracy of the one-sensor mea-
surements for interfering ion activityi ;e = 0.1mol/l, zo
land: a)z; =10rb)z =2.

accuracy loss due to using one-sensor measurement is
substantial for low level of the main ion activity and high
level of an interfering ion activity, especially for medium
and low sensor selectivity.

lon concentrations are typically expressed logarithmically,
asp, = —log(a,). Relative inaccuracy of the main ion
concentratiord[ag)] can be converted to absolute error of
the logarithmic measures as follows:

Apo = po — po = — log(d[ao] + 1) (20)

The minimum “one-sensor measured” activity (i.e. the
activity for which the allowable logarithmic inaccuracy
attainsApg) can be expressed as:

Pomin ?Pl —log(K1,0) + log(10~ 270 — 1) (21)
1

10*P0mm

Aomin

Fig. 5 marks with circles these points, where the relative
inaccuracyx 0.259 corresponds td\p, = 0.1 (this is a
reasonable requirement for chemical measurement accu-
racy).

For theRSN model relative accuracy of one-sensor mea-
surements cannot be expressed with such a simple to in-
terpret formula as (19), since:

Slao] = K-a g1 22)

ao

and so forz; # zo additionalég(ag, a1, 20, 21) term
comes into play. As mentioned earlier, the equation (3)
can be converted to a polynomial equation of degitee
which is typically smaller thad; then roots of the equa-
tion haveexplicitformulae.

Since forzg = z; NE andRSN models are identical — two
other important special cases are consideredy a) 1,

z1 = 2and b)zg = 2, z; = 1. For the case a) theSN
model equation (3) become&aé% + apép — 1 = 0,

and so:
V1+4Kay /a2 — 1

2
For the case b) we haveyé; + Kaiég — 1 = 0, hence:

dlao] =

(23)

2
V1+4ag/K?/a% —1

If one limits the inaccuracy — values @f,,;.. (0O Pomin)

can be calculated, separately for each of the two cases.
Fig. 6 visualise®SN model predicted dependence of one-
sensor measurement inaccuracy on the main ion activity
ao for one level of interferent activity; = 0.1mol/l and
three leveles of sensor selectivily — same as used in
fig. 5. Circles mark these points, where the relative in-
accuracy= 0.259, which corresponds tdap, = 0.1. It

Slao] = (24)
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Fig. 6. RSN model predicted inaccuracy of the one-sensor
measurements for interfering ion activif.n.. = 0.1mol/l,
zo=1and:a)z; =1orb)z =2

is seen, that for sensors which can be modelled with the
RSN model — presence of a 2-valent interfering ion in-



creases the minimum ion activity so much, that the sensor
can be useless, e.g. for clean water measurements.
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Fig. 7. Limitation of sensing range

The minimum detectable activity can be also attributed
to a finite accuracy of voltmeter fd@rzs measurements.

Let us denote witl\; the absolute inaccuracy of voltage
measurement. Saturation of the sensor response curve
for low activity of the main ion (the response in fig. 7a)

is pronounced most for the maximum allowable activity
a1maqz Of the interfering ion (it is the main ion for a sec-
ond sensor - with response in fig. 7b).

Using theNE model we can say, that activitieg that are
smaller than:

a, =~ Kl,O . ai%z; . (GXP(5U) - 1)) (25)
Ay
here Oy = |20——
Y 20 Vi ’

cannot be safely distinguished by measurements.

E.g. forAy = 1mV, Vr = 25mV, equation (25) reads:
ag ~ 0.04- K o-a>/71 . Itturns out (also, when predict-
ing with the RSN model), that for one-sensor measure-
mentsaoqr, 1S significantly larger tham, and so deter-
mines the one-sensor lowest measureable activity level.
For multiple-sensor measurements,;,, value is mean-
ingless. In such a casg value determines the smallest
reliably measured ion activit§.

SUMMARY

The paper compares one-sensor and multiple-sensor ap-
proaches to measurement wittHHEMFETS, using two
principally differentCHEMFET models — the well-known
semi-empiricalNE model, and a Van den Berg theory
[11] related novelRSN model. The main contribution

is estimation of accuracy limitis for both one- as well
as for mulitple-sensor measurements. The paper formu-
lates also two numeric tasks related to accurate measure-
ments, i.e. calibration and data fusion in the form that
is amenable to computer implementation. Main proper-
ties of the tasks are detailed for boftHEMFET mod-

els. From the numerical point of view both models lead
to anonlinearoptimisation problem — for calibration or
data fusion with any valency of ions. THRSN model
leads tdinear data fusion problem, and so it is computa-
tionally superior to thé&lE model — when many measure-

2Another approach to estimation of measurement inaccuracy due to
voltmeter errors can be found in [6].

ments can be made (and processed) after each calibration
of sensors. Details of the C-language special-purpose im-
plementation of calibration andF algorithms, targetted

at a microprocessor controller of an automatic measure-
ment system, will be presented in a separate paper.
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